A nonlinear creep function incorporated into the elastic visco-plastic model may describe the long-term soil deformation more accurately. However, by applying the conventional procedure, there are challenges to determine the model parameters due to limitation of suitable data points. This paper presents a numerical solution to obtain several parameters simultaneously for a nonlinear elastic visco-plastic (EVP) model using the available consolidation data. The finite difference scheme using the Crank-Nicolson procedure is applied to solve a set of coupled partial differential equations of the time dependent strain and pore water pressure dissipation. The model parameters are determined by applying the algorithm of trust-region reflective optimisation in conjunction with the finite difference solution. The proposed method utilises all available consolidation data during dissipation of the excess pore water pressure to determine the required model parameters. Moreover, the reference time in the elastic visco-plastic model can readily be adopted as a unit of time; denoting creep is included in the numerical predictions explicitly from the very first time steps. In this paper, the settlement predictions of thick soft clay layers are presented and discussed to evaluate and compare the accuracy and reliability of the proposed method against the graphical procedure to obtain the model parameters. In addition, comparison of the available experimental results to the numerical predictions confirms the accuracy of the numerical procedure.
Introduction
Soft soil creep has been considered one of the thought-provoking research topics in geotechnical engineering for the last few decades (e.g., Bjerrum 1967 , Berre and Iversen 1972 , Mesri et al. 1981 , Yin and Graham 1996 , Karim and Gnanendran 2014 , Azari et al. 2014 , Le et al. 2015 . Several mechanisms have been proposed by different researchers, which can be classified into five categories (a) the breakdown of the inter-particle bonds in the soil structure; (b) the sliding between particles; (c) water flows in two systems; (d) deformation due to structural viscosity; and (e) the deformation due to the jumping of molecule bonds . In microscopic scale, creep deformation results from the viscous flow of the micropore water within the microstructure of soils due to the complex electro-chemical properties of mineralogy of clay. According to Guven (1992) , water system absorbed within microstructure of clay is formed Corresponding author, Ph.D., CPEng, E-mail: behzad.fatahi@uts.edu.au by three types which are: (i) the water adsorbed on the internal surfaces of clay mineral; (ii) the water layer held between clay minerals (double layer water); and (iii) the capillary water held in pores between the clay particles. The viscosity is imposed by the absorbed water layer around particles, and may induce the plastic resistance against the relative movement between the clay particles. The soil cementation and it degradation may be other factors influencing the stress-strain behaviour of soils (Nguyen et al. 2014) . Creep compression may be a result of the deformation of clay clusters or microstructure units due to the flow of viscous water (Bjerrum 1967 , Graham and Yin 2001 , Terzaghi 1941 . In term of macroscopic view, creep is due to the soil structural rearrangement or adjustment to reach a new equilibrium state under an applied stress. While visco-plastic and large strain properties of soil significantly influence the post construction behaviour of structures, the wave propagation and small strain characteristics also affect the performance of superstructures built on the soft soil under extreme loads such as earthquake (Fatahi and Tabatabaiefar 2014 , Hokmabadi et al. 2014 , Tabatabaiefar et al. 2012 , 2013 . It should be noted that the time-dependent behaviour of soft soil is not only limited to the fully saturated soft soils; for example Ho et al. (2014) studied the time dependent settlement of unsaturated soils.
After conducting a wide range of research on creep, it is widely accepted that creep is a deformation process occurring concurrently with the excess pore water pressure dissipation (Bjerrum 1967 , Degago et al. 2009 , Watabe et al. 2012 . It can be noted that two hypotheses known as Hypotheses A and B were proposed to consider the effect of creep on settlement predictions of soils (Jamiolkowski et al. 1985) . The main difference between Hypotheses A and B is related to the effect of the sample thickness on the void ratio (strain) at the end of traditional primary consolidation stage. Hypothesis B considers that the void ratio (or strain) at the end of primary consolidation is influenced by the soil layer thickness or the drainage conditions, while Hypothesis A assumes the end of primary consolidation void ratio is unique and not a function of soil thickness. For the sake of simplicity, practising engineers may compute the creep settlement based on the linear relationship between the creep compressions with logarithm of time. However, the long-term relationship between strain and logarithm of time is not necessary linear based on the field observation and laboratory measurements (Berre and Iversen 1972; Leroueil et al. 1985; Yin 1999) . Yin (1999) proposed a nonlinear creep function to substitute for the linear creep function in an attempt to describe the long-term settlement of soft soils more accurately. The nonlinear creep function developed by Yin (1999) , includes a creep strain limit ), ( vp lm  initial creep coefficient (y' o ) at equivalent time, t e = 0, and a time parameter t o . Yin (1999) presented a set of long term oedometer test results of Hong Kong marine deposit and proposed a systematic curve fitting procedure to obtain the non-linear creep function parameters which is referred to as Yin (1999) approach in this paper. However, longer test durations are required to obtain more data points after the end of the primary consolidation for the creep properties including y' o and vp lm  of the non-linear creep function. Yin (1999) suggested the minimum duration of the test to be one week to obtain more accurate predictions. In addition, this method cannot be used to back-calculate the model parameters from field measurements, as compression data during the dissipation of excess pore water pressure are not adopted to determine visco-plastic parameters.
However, the non-linear creep function has a limitation regarding the model determination process. In this model, it was suggested to adopt the value of time at the end of primary consolidation (t EOP ) as t o in advance. Based on the non-linear creep function and the definition of the reference time-line, t o is considered as the time value of the reference time-line which represents the elastic-plastic behaviour of soils without viscous strain. Thus, the reference time-line may include viscous strains if t o is adopted to be equal to t EOP . Moreover, the values of t EOP may vary not just with the thickness of the soils, but also with the magnitude of the stress increments in case of multiple loading stages. The selection of t EOP for t o influences the determination of other parameters including the slope of the reference time-line (λ/V) (which represents to the elastic-plastic behaviour of soft soil) as well as the creep parameters according to the procedure proposed by Yin (1999) .
In brief, numerical optimisation methods to obtain single or several model parameters have been applied widely in other types of materials such as metals (e.g., Cooreman et al. 2007, Yun and Shang 2011) , while it has been rarely employed to estimate soil parameters. This paper presents a new method to overcome the limitation of the procedure in determining the model parameters. The developed method implements an advanced optimisation method and the finite difference solution for the elastic visco-plastic model. This method can utilise all the consolidation data from the beginning to the end of the loading stages in order to increase the number data points to be used for the model parameter determination. The prediction of the settlement during the dissipation of the excess pore water pressure can be improved due to the utilisation of the consolidation data during the dissipation process. Several loading stages are involved in the optimisation process simultaneously. Thus, the optimised model parameters can describe the stress-strain behaviour more accurately, as the optimisation process provides best fittings for all employed loading stages. The adoption of t o = 1 unit of time allows contribution of creep to be emphasised from the early stage of loading instead at the end of primary consolidation. t o = 1 unit of time is not influenced by the soil sample thickness, drainage conditions, and the choice of loading stage. t o is also the time value of the reference time-line, based on which the creep time is counted. Thus, with t o = 1 unit of time, the reference time-line encloses less viscous strain compared to t o = t EOP . Additionally, the corresponding creep strain limit and creep coefficient to t o = 1 unit of time can describe the creep behaviour from t = 1 unity. Two case studies including Hong Kong marine clay (Hong Kong) and Drammen clay (Norway) are presented to verify the developed method. The analyses of the results and discussions are included to examine and validate the developed method. Yin and Graham (1989) introduced an elastic viscoplastic model with the time-line concept. The time-line concept includes an instant time-line, a reference time-line, a limit time-line, and a series of equivalent time-lines. The linear logarithmic creep function results in an infinite creep strain as time approaches infinity. Therefore, Yin (1999) proposed a non-linear creep function including a creep strain limit and a creep coefficient as shown in Eq. (1). Fig. 1 shows the concept of the reference time-line and the limit time-line, as well as their relationship. The limit time-line is the line having equivalent time t e equal to infinity and creep rate equal to zero, and the creep strain limit can be defined by curve fitting creep strain data. 
Governing elastic viscoplastic equations
where, vp z  is the vertical creep strain under a constant effective stress, t e is the equivalent time determined based on the reference time-line, y′ o is the initial stress-dependent creep coefficient at The incremental strain dε z is the sum of the incremental elastic strain e z d and the incremental visco-plastic strain . 
The visco-plastic strain rate vp z  results from the differentiation of Eq. (1) with time (Yin 1999) . 
is the reference strain under the applied stress σ′ z , r zo ε is the vertical strain corresponding to the vertical effective stress σ′ zo , which is a model parameter.
Based on Eq.
(2), depending on the location of stress-strain point, the strain rate is defined as follows (Yin 1999)  For any (σ′ z , ε z ) point below the limit time-line (i.e., the soil is purely elastic.)
In order to obtain coupled governing equations for vertical strain and excess pore water pressure dissipation, the following assumptions are made:
 Soil is fully saturated,  Soil particles and water are incompressible,  The water flow and compression happen only in the vertical direction, and
The continuity equation
where, k is the coefficient of hydraulic conductivity, γ w is the unit weight of water, u is the pore ater pressure equal to the sum of the excess pore water pressure (u e ) and an initial equilibrium water pressure (u o ), z is the vertical depth, ε z is the vertical strain and t is the elapsed time.
If we assume u o remaining unchanged during the consolidation process, then . In this paper, the external applied loading is assumed to be constant and independent of time. Thus, the total stress remains constant with time, but may vary with depth z. The coefficient of volume compressibility, ,
adopted in this study is not a constant parameter, but varies with depth and time due to the change of the effective stress z s  . Thus, the stress-strain relation is not considered as linear. The stress increment in this study is applied instantly, and the initial excess pore water pressure is equal to the stress increment. . Eq. (7) is based on the relationship between the void ratio and the coefficient of permeability proposed by Taylor (1948) and the conversion between void ratio and vertical strain ((ε z = (e o -e) / (1 + e o )). where, k o is the initial permeability corresponding to the initial void ratio of e o (or at zero strain), ε z is the strain at a particular depth, and c k is the permeability change index.
Substituting m v and c v into Eqs. (4) and (5) yields to the coupled partial differential equations to evaluate the time dependent relationship between the vertical effective stress, excess pore water pressure and the vertical strain.
where,  For any (σ′ z , ε z ) point below the limit time-line
The reference strain at the effective stress σ′ z (point A in Fig. 1 ) is defined using λ/V and σ′ zo . The limit strain at the effective stress σ′ z (point C in Fig. 1 ) is the sum of the reference strain r z ε and the creep strain limit .
vp lm ε As the stress -strain state at point B in Fig. 1 stays above the limit time-line, g(ε z , σ′ z ) B is calculated by Eq. (8c). On the other hand, g(ε z , σ′ z ) D = 0, since stress -strain state at point D is below the limit time-line.
In summary, Eqs. (8a) and (8b) are the coupled partial differential equations to evaluate the time dependent stress -strain relationship of a soil layer under uniform vertical pressures. These equations are the combination of the elastic visco-plastic model with nonlinear creep function and the theory of consolidation. By solving these equations simultaneously, the time dependent strain (or the settlement of the soil layer) can be obtained. Besides, the variation of the excess pore water pressures can be evaluated not only with time, but also with depth. In order to solve these differential equations, a numerical solution using the Crank-Nicolson finite difference scheme is described in detail in Appendix A. Crank-Nicolson finite difference method is based on central difference approximation in space and the trapezoidal rule in time (Crank and Nicolson 1947) . Crank-Nicolson method is fully implicit and unconditionally stable. Thus, the method can ensure the stability and convergence without requirement for the time step adjustment. Moreover, Crank-Nicolson method has minimal truncation errors compared with explicit and implicit finite difference methods (Chen et al. 2003, Grasselli and Pelinovsky 2008) .
The finite difference solution for the numerical simulation which is implemented in the developed method requires generating the calculation grid with depth and time. Thus, the soil layer thickness is an input in the optimisation process. Additionally, the consolidation data during the excess pore water pressure can be utilised in the optimisation process to determine the model parameters. Therefore, the developed method can be applied to not only laboratory-scale soil sample, but also the thick soil layer in the field conditions where the dissipation process takes significant time to complete.
Parameter determination applying trust-region reflective optimisation scheme
The conventional procedure to determine the EVP model parameters can be considered simple for the instant timeline and reference timeline. However, the difficulty rises in the case of the non-linear creep function. After the excess pore water pressure becomes negligible, more data points are required to establish the relationship between the model creep parameters and the effective stress values. This means more loading stages (at least two) are required to define the function coefficients of a, b, c, and d (Eqs. (A4a) and (A4b)). The adoption t o = t EOP (the time at the end of primary consolidation) may lead to non-unique model parameters for the soil. Thus, in this study, a solution is proposed to obtain all of the EVP model parameters simultaneously by employing the trust-region reflective least squares algorithm in combination with the finite different solution explained in the above section.
Least squares algorithm
In recent years, in various application fields, the optimisation problems have become more complex and now involve a great number of variables and nonlinear equations. Thus, the large scale nonlinear least squares problems have been studied extensively (e.g., Gould et al. 2005 , Yuan 2011 ). In this study, the proposed solution for determination of model parameters is based on nonlinear least squares fitting by incorporating an advanced optimisation procedure using the trust-region reflective algorithm.
For the purpose of least square optimisation, an objective function f(t, x) is defined to calculate the average strain at each time point t with parameters x = [x 1 , x 2 … x n ] and the measured data points (t 1 , y 1 ), (t 2 , y 2 ),…, (t m , y m ). The optimisation will be a solution of the following problem.
Trust-region reflective algorithm
Since the least square optimisation has become more popular for research in many different fields, various algorithms have been proposed to solve the optimisation problems such as Newton method, Gauss-Newton method, and Lavenberg-Marquardt method (Geletu 2007). The trust-region optimisation method incorporated in the interior reflective Newton algorithm proposed by (Coleman and Li 1996) is a simple, yet powerful approach to solve bound constrained nonlinear minimisation problems. For a brief description of this approach, assume f(x) is the function to be minimised with x as a vector. The value of x can be bounded by upper and lower constrains. The concept of the trust-region method is to approximate f(x) with a quadratic function q(s), which reflects the behaviour of function f(x) in a neighbourhood N around the current point x. That neighbourhood N is called the trust-region. The trust-region subproblem of the method is to compute a trial step s by minimising the area N. If f(x + s) < f(x), the current point x is updated to be x + s. This step is called successful, and the trust region can remain for the next step. Otherwise, the step is unsuccessful, and consequently x remains unchanged, and the region N will be reduced for the next step. Therefore, the challenging issue of the trust-region method is to solve its subproblem, computing the quadratic function q(s) and to define the trust-region N. The general trust-region subproblem can be presented as Eg. (10).
where, g is the gradient of f(x) for the current x, H is a symmetric matrix of second derivatives, D is a diagonal scaling matrix, Δ is the trust-region radius > 0 and ||.|| is the second norm. Coleman and Li (1996) proposed the reflective Newton algorithm to minimise the quadratic function, i.e., to solve Eq. (10). The approximation model q(s) for the objective function does not have to be necessarily a quadratic function. A linear approximation model can be adopted, since the linear model can ensure the global convergence to first-order criteria information. However, the convergence rate would also be linear, which is consequently too slow. Meanwhile, a quadratic model is more effective, since a quadratic model can allow global convergence to the second-order and produce faster local convergence (Conn et al. 2009, Floudas and Pardalos 2008) . Moreover, a quadratic model can capture the curvature of the non-linear function which cannot be achieved by a linear function (Conn et al. 2009 , Murty 2010 . Therefore, the quadratic function implemented in the optimisation scheme in this study, can handle more efficiently the non-linear equations of the EVP model to produce the best optimised results for the model parameters.
In particular, to solve Eq. (10) more quickly, s can be restricted in a two dimensional subspace S. The subspace S is spanned by two vector directions s 1 (the direction of the gradient g), and s 2 (the approximate Newton direction or a negative direction of curvature, ). 0 2 2  Hs S T Applying the trust-region method to a general nonlinear least squares problem.
where, F(x) is the vector valued function having the ith component equal to f i (x).
To define the subspace S for the problem more efficiently, an approximate Newton direction s 2 can be found by solving the following problem 2 2 min F Js
where, J is the Jacobian of F. Eq. (12) can be approximately solved by applying the preconditioned conjugate gradient method to its normal equations in each iteration as follows
According to Strikwerda (2007) , the preconditioned conjugate gradient method is an effective method to solve a large symmetric positive definite system of linear equations Ax -b = 0 with a large condition number. If matrix A has a large condition number κ(A), where 1 ) (
 
A A A  the slower the conjugate gradient method produces convergence. Thus, the concept of preconditioning is to reduce the condition number by transforming the original system Ax -b = 0 to M -1 (Ax -b) = 0, where M, known as a preconditioner for A, is a symmetric positive definite matrix.
After solving the problem given in Eq. (13), the vector directions of the subspace S are determined, and consequently, the minimisation process can be accomplished. In summary, as presented by Geletu (2007) and Coleman and Li (1996) , the trust-region reflective algorithm can briefly be described as follows:
 Step 1: k = 0, choose an initial vector parameter x 0 , trust-region size Δ k  (0, ),
Step 2: Compute the two dimensional subspace S to find two subspace vectors s 1 and s 2  Step 3: Solve Eq. (16) to find the trial step s k
the solution is convergence, and then the algorithm terminates (ε is the required tolerance). Otherwise, set k = k + 1, and update q(s k ) and the trust-region size Δ k , then repeat Steps 1 to 6 until a desired convergence is reached. In regard to the trust-region reflective algorithms, the optimum values of the parameters can be ensured by several termination tolerances and the number of iterations in the optimisation process. The termination tolerances include the minimum changes in the values of the variables (i.e., the model parameters) and the minimum changes in the value of the objective function f(x). Besides, the number of iterations can also be adjusted. In this study, the adopted tolerances for both variables and functions were 10 -10 to ensure the accuracy of the optimised model parameters
Parameters determination solution
To apply the optimisation algorithm for the parameter determination in this study, the objective function u(x) is the function to compute the absolute difference of the predicted f(t i , x) and measured (y i ) values of vertical strain, in which x is the vector of the required parameters.
The user -defined function f(t i , x) is the coded function implemented in the finite difference solution described above to predict the average strain, and the excess pore water pressure of the soil with time using the set of parameters x. The measured data includes several sets of vertical strain -time curves for different applied stresses for a particular soil. In Eq. (15), y i is the average strain at a time point t i while i can change from 1 to m. Here m is the total number of available data points of all stress increments.
The required initial information of each stress increment (i.e., each loading stage) includes soil properties (initial void ratio e o , initial thickness H 0 ) and the loading conditions (initial vertical total stress σ z , stress increment Δσ, and initial strain ε zi ). Incorporating the initial trial set of parameters and initial conditions into the finite difference solution as described in Fig. 3 yields the predicted sets of average vertical strain and time for each stress increment.
Assume there are l number of loading stages where l is a positive integer. Each of loading stages has n k number of data points (e.g., Stage l has n l data points available). Thus, the total number of data points (m) can be calculated using Eq. (16). 
Applying the trust-region reflective least squares algorithm, the optimal set of parameters can be determined by solving the following optimisation problem (Eq. (19)
In this study, the above mentioned algorithms, representing the trust-region reflective least squares, is implemented and coded in MATLAB using "lsqnonlin" function. In cooperation with the finite difference solution for the EVP model, the optimisation procedure can be used efficiently to obtain the required parameters all together.
For the standard soil sample thickness (i.e., H o = 20 mm), the standard consolidation test duration (i.e., 24 hours) with load increments covering the future construction load can be employed to obtain the EVP model parameters. For the thicker soil sample, the minimum test duration should be enough for the average required effective stress level (depending on future construction load) to be achieved. Since creep compression occurs during the excess pore water pressure dissipation, the optimisation procedure allows utilisation of consolidation data during dissipation to determine the visco-plastic parameters. It should be noted that the longer duration of loading stages can be utilised to improve the accuracy of the optimisation process, as more data points would be available for optimisation.
The proposed approach is to strengthen the merits of the EVP model with the non-linear creep function by obtaining a set of unique material parameters with t o adopted as a unit of time. However, the optimisation method can be applied for other constitutive models in which the creep parameter cannot be determined during the dissipation of the excess pore water pressure (e.g., the soft soil creep model in Vermeer and Neher (1999) , the EVP model of Nash (2001) . The time parameter corresponding to the reference time-line used to define the creep parameter is usually adopted as t EOP for the laboratory sample or 1 day (Nash 2001, Vermeer and Neher 1999) . In order to apply the least squared method to optimise the model parameters, the measurements and the corresponding predictions must be ready to employ. The predictions can be obtained by different numerical methods such as finite difference and finite element schemes. The similar procedure of optimisation can be incorporated in the numerical solutions, and it is not necessary to assume the time parameter or the reference time line as 24 hours or the time at the end of primary consolidation. Moreover, the number of the required model parameters should be less than the number of available measured data. Thus, the model parameters can be obtained by implementing any possible numerical solution for the predictions into the trust-region reflective least square algorithm.
In order to evaluate the accuracy of the parameter determination method as well as the finite difference solution for the EVP model with a nonlinear creep function, two case studies are simulated and interpreted in the following sections.
Case study 1 -Hong Kong Marine Clay
A set of consolidation data results of Hong Kong marine clay reported in Yin (1999) is adopted in this case study to evaluate the ability of the proposed TRRLS method. The studied soil (a mixture of clay, silt and fine sand) was sieved and reconstituted to obtain consistent test specimens. As reported in Yin (1999) , the specific gravity of the soil (G s ) was 2.66, and the initial water content (w o ) was 57.4%. Thus, the initial void ratio e o = w o G s was calculated to be 1.53, assuming that the soil sample was fully saturated. The soil specimen was subjected to multiple stage loading tests using Casagrande type oedometer setup. The applied stress started from 10 kPa, then increased to 400 kPa by the stress increment ratio (Δσ z / σ′ zi ) of 1. Later, the soil was unloaded back to 50 kPa and reloaded to 800 kPa with the same stress increment ratio. The duration of each loading stage was about 1 day, except for 200 kPa and 800 kPa stages with durations of 33 and 18 days, respectively.
Adopting the trust-region reflective least squares (TRRLS) algorithm for the parameter determination described in detail in the previous sections, four stages of effective stresses 100 kPa, 200 kPa, 400 kPa and 800 kPa were employed to determine all model parameters ( Fig. 3 ). Similar to Yin (1999) , aforementioned four loading stages are all in normally consolidated range to be used for creep model parameter determination. In this study, the above four loading stages are used to determine not only the creep model parameters, but also the elastic (κ/V) and elastic -plastic (λ/V and σ′ zo ) parameters.
The adopted initial data of the four stages including the initial thickness, the initial vertical strain, the initial and final total stresses, and the initial excess pore water pressure, obtained from the laboratory measurements ( Fig. 3 ) are summarised in Table 1 . Considering the oedometer testing procedure, it can be assumed that the effect of external applied stress is immediate; thus, the initial total stress (σ z ) (i,1) at t = 0 is taken as the total final stress σ zf . The two-way drainage condition is applied in this simulation.
The initial coefficient of permeability (k o ) and the permeability change index (c k ) are estimated based on the values of c v and m v calculated using the oedometer compression results (k = c v m v γ w ). As a result shown in Fig. 3 , k o = 3.812 × 10 -8 m/min and c k = 0.61 with e o = 1.53, which are adopted in the numerical simulation of Yin (1999) 's approach and the TRRLS approach. It should be noted that k o and c k can be measured directly using constant or falling head permeability tests for clay soil samples consolidated under different effective stresses. The permeability of a soil is a physical material property influenced by characteristics of the soil including soil fabric, composition, porosity, pore sizes and the property of the permeant (Lambe and Whitman 1969, Raj 2008) . Therefore, the values of c k and k o obtained from consolidation test results based on m v and c v and from the constant or falling head permeability tests should be similar, if the samples of the two tests have the soil condition such as void ratio, the applied hydraulic gradient as well as the soil structure (not disturbed).
Based on the initial information and soil properties, the model parameters obtained by the proposed TRRLS method are presented in Table 2 along with the model parameters obtained by Yin's (1999) procedure. As shown in Table 2 , the optimised parameters for the non-linear creep function are higher than the parameters obtained by Yin's (1999) procedure. This is reasonable since the parameters have been optimised using the data during the dissipation of the excess pore water pressures. The creep compression during the consolidation contributes to the value of the creep strain limit and the creep coefficients.
In order to evaluate the developed finite difference solutions incorporating the proposed parameter determination procedure, the time dependent vertical strains of four stress stages are predicted for both sets of parameters (i.e., the proposed TRRLS method and Yin's (1999) procedure) and compared to laboratory measurements in Fig. 4 . The laboratory test results are used for validation. The model parameters then were used to analyse the influence of the soil sample thickness on the stress-strain behaviour of soils by providing the predictions for five different soil layer thicknesses (from 0.02 m to 5.12 m). Fig. (4) shows the reported coefficients of determination (R 2 ) are higher than 0.9 for both sets of parameters, thus both parameter determination methods are efficient to match the laboratory results.
Since the proposed method can utilise all the consolidation data during the excess pore water pressure, the TRRLS approach adopts more data points to predict the viscous (creep) parameters including a, b, c, d coefficients compared to Yin's (1999) procedure. The predictions of the settlements are in good agreement with the measurements not only after the end of primary consolidation but also during the dissipation of excess pore water pressure with the coefficient of determination R 2 greater than 0.97 as shown in Fig. 4 . Since the optimisation procedure includes several loading stages simultaneously, the model parameters provide the best fitting curves for all loading stages involved. Although the predictions by the TRRLS approach in Fig. 4 do not always over predict the final vertical strains as the predictions obtained by Yin's (1999) procedure, the disparity between the predictions and the measurements are not significant with high coefficient of determinations R 2 .
In the next step, the optimised model parameters using the TRRLS approach are used to predict the average strain and the excess pore water pressure for thicker soil deposits. The predictions presented in Figs. 5 to 8 are not to compare the efficiency of the methods since the actual field Yin (1999) and the optimised parameters using TRRLS approach measurements are not available. However, the predictions are provided to show the influence of the model parameters on the predictions for the thicker soil samples as well as the influence of the soil sample thickness on the stress-strain-time behaviour. Additionally, the predictions adopting Yin (1999) approach are presented to assess the trends of the predictions adopting the optimised model parameters. The prediction results show that there are similar variation patterns of predictions obtained by both methods. In this study, the influence of the soil layer thicknesses on the time depended settlement and the variation of the excess pore water pressure can be observed and discussed. Figs. 5(a) and 5(b) illustrate the time dependent stress-strain relationship known as Hypothesis B. The five different thicknesses (H o ) adopted are 0.02 m, 0.08 m, 0.32 m, 1.28 m and 5.12 m. The external applied stress increment is 50 kPa to increase the vertical effective stress from 50 kPa to 100 kPa. In this analysis, the soil layers are assumed uniform, and the clay layers of different thicknesses start with the same initial vertical strain and stress conditions. The soil deposits are assumed to be free drained at the top surface and impervious at the bottom. The duration of loading time is 10 years for the specimens of the first four thicknesses, while the loading times for 1.28 m and 5.12 m thick soil deposit are 50 and 100 years, respectively, in order to observe the reverse S shaped curve of the average strain with logarithm of time. Fig. 5(a) shows the prediction of the average strain with time, while Fig. 5(b) indicates the time variation of the excess pore water pressure at the impervious boundary of the soil layers. Fig. 6 shows the influence of the soil thickness on the average vertical strain, when 90%, 95% and 98% of the excess pore water pressures at the base of the soil specimens are dissipated. In the semi-logarithmic scale of Fig. 6 , the curves of the average strain at different degrees of dissipation are almost parallel, and the average strain at a particular degree of dissipation increases with the increase of the soil thicknesses. For example, according to Fig. 6 , the prediction applying TRRLS model parameters shows that at 90% dissipation the average strain increases by 3.8%, 6.3%, 8.1% and 9.5% for 0.08 m, 0.32 m, 1.28 m and 5.12 m thick samples in comparison to 0.02m thick sample, respectively. A similar trend of variation of the average strain with the increase of soil layer thickness is observed at 95% and 98% dissipation and also by the predictions adopting parameters obtained from Yin (1999)'s approach. It is also noted that the difference between the average strains is more significant as the soil specimen thickness increases from 0.02 m to 0.08 m. As can be seen in Fig. 6 , adopting the model parameters obtained from TRRLS approach, the differences of the average strain at 90%, 95%, and 98% dissipation between 0.02 m and 0.08 m are 5.8%, 4.9% and 4%, respectively.
Compression induced by creep is accumulated as the thickness increases, and the vertical strain curves of thicker soil layers will merge to the vertical strain curve of the thin specimen after a period of loading time. As observed in Fig. 5(a) , the strain curves of five specimens are almost parallel during the dissipation process of the excess pore water pressure, while the strain curves shift to the right as the sample thickness increases. However, the average strain curves of thicker specimens (i.e., 0.08 m,0.32 m, 1.28 m to 5.12 m) tends to merge to the settlement curve of the thinnest specimen (i.e., 0.02 m), only when the excess pore water pressure at the impervious base of the layer approaches zero.
Meanwhile, Fig. 5(b) shows that the excess pore water pressure at the impervious base is influenced by the soil layer thickness. As the thickness of the soil layer increases, the curves of the excess pore water pressure at the base are shifted to the right with similar patterns. 6 Influence of soil thickness on the average vertical strain at 90%, 95% and 98% dissipation of excess pore water pressure at the impervious boundary of the excess pore water pressure varies with different rates during the consolidation process before approaching zero. Referring to Fig. 5(b) , it can be seen that the excess pore water pressure dissipation at the impervious base layer delays before proceeding with various rates until approaching an almost constant value. It is noted that the amount of delayed time increases with increasing soil deposit thickness. As the drainage path for water flowing toward the drainage boundary is expected to increase with an increase in the deposit thickness, the required time for water travelling through the drainage path also increases. The delayed time observed in Fig. 4(b) for the soil specimens of 0.02 m, 0.08 m, 0.32 m, 1.28 m and 5.12 m are approximately 1 min, 20 min, 200 min, 8,000 min, and 10,000 min, respectively. During the delayed time, the settlement presented by the average strain also tends to be delayed as observed in Fig. 5(a) . Corresponding to the excess pore water pressure dissipation pattern, the average vertical strain also increases significantly. When the dissipation process is almost completed, the compression continues mainly due to viscous behaviour of soil under an almost constant effective stress with a creep strain rate, reducing with time. As soon as the dissipation completes, these model parameters reach the constant values, since the effective stress remains constant after increasing to the maximum value. So while the creep coefficient (ψ′ o ) remains constant, when the vertical effective stress is constant; the creep parameter (ψ/V) will decrease with time based on Eq. (26) and as illustrated in Fig. 8(a) . The creep parameter (ψ/V) is comparable with the secondary compression coefficient C αε .
The patterns of these two parameters (i.e., vp lm  and ψ′ o ) with time are similar to the variation pattern of excess pore water pressure in Fig. 5(b) , as vp lm  and ψ′ o are directly related to the effective stress and consequently to the excess pore water pressure. The average creep strain limit as well as the average creep coefficient decrease with the increase of the effective stress. In other words, during the dissipation of the excess pore water pressure, the effective stress keeps Although both vp lm  and ψ′ o decrease with the increase of the effective stress, the bell shaped pattern of the creep parameter (ψ/V) ( Fig. 8(a) ) shows that the creep parameter (ψ/V) is not only effective stress dependent, but also time dependent. As the dissipation of the excess pore water pressure accelerates after the delayed time, the creep parameter (ψ/V) significantly increases. Once reaching the maximum value, the creep parameter (ψ/V)decreases gradually with time. Fig. 8(b) shows the variation of the average creep strain rates, , vp z  with time. When the effective stress increases during the dissipation of the excess pore water pressure, the creep strain rate also increases with time. In the semi logarithmic space of effective stress-vertical strain, as the effective stress increases in the early stages of the dissipation process, the stress-strain state point keeps moving to the right. Based on the time-line concept, each equivalent time-line has a unique creep strain rate, and the higher equivalent time t e is associated to the smaller creep strain rate (Yin and Graham 1994) . Consequently, as the effective stress increases, the equivalent time-line associated to that effective stress moves away from the limit time-line, resulting in the increase in the creep strain rate and the decrease in the equivalent time t e . When the dissipation of excess pore water pressure is almost completed, and the maximum effective stress of the stress increment is almost established, the creep strain rate gradually decreases. After the effective stress reaches the maximum value, and the compression is allowed to continue under the constant effective stress, the equivalent time t e increases and the equivalent time-line moves toward the limit time-line. As a result, the associated creep strain rate decreases. The thicker soil layer has lower creep parameters, and consequently a slower creep strain rate. Although the thicker soil layer has a lower creep strain rate, the required time to achieve insignificant excess pore water pressure (known as the end of primary consolidation) is much higher than the corresponding required time for the thinner soil layer as previously shown in Fig. 5(b) . As a result, the compression of the thicker soil layer at the end of the conventional primary consolidation (i.e., when the effective stress reaches an almost constant value) is greater than the compression of the thinner soil layer. Hence, the variation of ψ/V during the dissipation process is notable and the simplifying assumption of a constant creep coefficient during the dissipation process as adopted in the previous studies (e.g., Gnanendran et al. 2006, Vermeer and Neher 1999) are realistic.
In brief, adopting the Crank-Nicolson finite difference solution and the model parameters obtained from TRRLS approach fitting the laboratory consolidation data can be used to predict reasonable patterns of the time dependent compression as well as the dissipation of the excess pore water pressure in soft soil deposits. Additionally, in Case study 1, the compression (strain) of the soil deposit for a given excess pore water pressure dissipation level increases with the increase of the soil thickness. As expected, the dissipation of the excess pore water pressure is delayed, as the thickness of the soil layer increases. In order to further evaluate the proposed approach adopting TRRLS to obtain EVP model parameters, Case study 2 on Drammen Clay is presented to predict the time dependent behaviour of the soft soil samples with different thicknesses. Berre and Iversen (1972) carried out a series of consolidation tests on Drammen Clay specimens with four different thicknesses using modified oedometer apparatus recording the variation of the excess pore water pressure at the base with time. Drammen Clay (Norwegian soft clay) was slightly overconsolidated, marine post-glacial clay obtained from depths of 5.2 m to 6.7 m in Drammen, Norway. The heights of soil specimens were 0.0188 m, 0.0757 m, 0.15 m, and 0.45 m. The thickest specimen (0.45 m) was comprised of three 0.15 m high sub-specimens connected in series with free drainage at the top of the topmost specimen, and no drainage at the base of the lowest specimen. The pore water pressure was measured at the base of each specimen. Multiple stage loading tests with five stress increments were applied to all specimens. The duration of the first three stages was 1 day, while the last two increments (Increments 4 and 5) had longer duration (5 days for each increment). Berre and Iversent (1972) presented the measurements of the vertical strain and the excess pore water pressure at the base of each specimen at two stress increments (Increments 4 and 5) as shown in Figs. 10-13.
Case study 2 -Drammen Clay (Berre and Iversen 1972)
In this paper, the test results from the last two increments (Increments 4 and 5) (see Table 3 ) for 0.0188 m thick specimen are used to determine the model parameters. Adopting the optimised model parameters, the average strains and the excess pore water pressures at the base of the thicker soil specimens are predicted to compare with the experimental measurements. The details of initial input information for the predictions are presented in Table 3 . The initial void ratio e o of each soil specimen is derived from the initial water content w o assuming that soil specimens are fully saturated. According to Andersen et al. (1980) , the specific gravity of Drammen Clay is 2.76. The initial strains summarised in Table 3 were obtained from the laboratory observations reported by Berre and Iversen (1972) . The model parameters obtained by applying TRRLS approach are Table 4 along with the model parameters of the EVP model with linear creep function reported in Yin and Graham (1996) . It should be noted that the conventional approach proposed by Yin (1999) could not readily used to predict the non-linear creep strain rate and limit functions in this study adopting only two stress increments. Applying Yin's (1999) procedure to Increment 4 with t o = 40 min (which was reported in Yin and Graham 1996) , the creep strain limit of this increment appeared as a negative number. Thus, the relationship between the effective stress and the creep strain limit cannot be established by applying Yin's (1999) procedure. In order to apply Yin's (1999) procedure for this soil, more loading stages are required. Yin and Graham (1996) applied their original EVP model with linear creep function, and the predictions obtained by the model parameters of the original EVP model reported in Yin and Graham (1996) were used to compare with the predictions by the TRRLS approach. Fig. 9 shows the relationship between the void ratio and permeability based on the measured values of permeability and water content reported in Berre and Iversen (1972) . As a result, the permeability change index c k obtained as the slope of a straight line in the space of elog 10 (k) is 0.859, while the initial permeability is k o = 1.73 × 10 -7 m/min. Figs. 10-13 present the predictions of average vertical strain and the excess pore water pressure at the base of the four specimens by the TRRLS approach and the linear EVP model. For the Predicted curve by the original EVP model (Yin & Graham 1989) 10 -1 10 0 10 1 10 2 10 3 10 4 10 -1 10 0 10 1 10 2 10 3 10 4 10 5 b)
from Berre and Iversen (1972) (a) (b) Fig. 12 Comparison of the prediction and the measured data for Test C (0.150 m): (a) the average vertical strain; and (b) the excess pore water pressure at the base for Drammen Clay thickest specimen (0.45 m), the excess pore water pressures at three locations are presented. As reported in Berre and Iversen (1972) , the stress-strain state of the soil specimens shifts from overconsolidated to normally consolidated range, when the effective stress increases from σ′ z3 = 55.3 kPa to σ′ z4 = 92.5 kPa. Thus, TRRLS approach can employ effectively the consolidation data to determine the model parameters.
As observed in Figs. 10-13, the numerical predictions of excess pore water pressures and the average vertical strains are in good agreement with the laboratory measurements. The predictions obtained by the TRRLS approach expose some improvement compared to the predictions obtained by the linear EVP model. Moreover, the influence of the non-linear creep function on the long-term behaviour cannot be clearly observed, since the observation time is not sufficient. The model parameters determined by TRRLS is able to predict the average strain of four tests with high coefficient of determination (R 2 ) in comparison to laboratory measurements as shown in Figs. 10 to 13. The prediction of Increment 4 of test C (Fig. 12(a) ) has the lowest R 2 value in comparison to the results of other tests. According to Berre and Iversen (1972) , the effect of side friction of the sample of Test C was notable and reported about 5.4-10.1% for Increment 4 and 8.9-5.1% for Increment 5 measured at the beginning and at the end of the increment respectively. The side friction was considered relatively small, and was not measured for all of the tests. Thus, the measured results were not corrected for side friction (Berre and Iversen 1972) . Although the side friction was suggested not remarkable, it is possible that Test C predictions are influenced as a result of highest side friction.
The variation patterns of the excess pore water pressure are clearly influenced by the thickness of the soil specimen. Based on Fig. 10 for the thinnest specimen (0.0188 m), the dissipation of the excess pore water pressure at the base occurs very rapidly in both increments (less than 10 minutes). As observed in Figs. 11(b), 12(b) , and 13(b)-(c), for the thicker soil specimens, the dissipation process is inclined to delay some times before hastily accelerating, and the time delay increases with the thickness. In this case study, the increase of the excess pore water pressure during the dissipation is obviously observed in the prediction of the thickest sample (Test D) during Increment 5 (shown in Fig. 13(c) ). The measurements of the excess pore water pressures at the base of Test D sample in Increments 4 and 5 show the increase of the excess pore water pressure during the dissipation process, particularly during the delayed period and before the dissipation accelerates ( Figs. 13(b)-(c) ). The prediction for Test D also shows the increase in excess pore pressures during the dissipation in Increment 5.
The contribution of viscous effect can be the reason for the increase of the excess pore water pressure (Yin and Graham 1996, Yin and Zhu 1999) . As the soil sample thickness is high enough •Predicted curve by TRRLS approach •Predicted curve by the original EVP model (Yin & Graham 1989) 10 -1 10 0 10 1 10 2 10 3 10 4 10 5 b)
from Berre and Iversen (1972) At the base D3 to cause the delay in the dissipation of the excess pore water pressure, creep compression occurs locally due to the constant effective stresses at local soil elements. The creep compression reduces the drainage path of the pore water, resulting in void water near the impervious base locally blocked to flow out. At those locations where pore water is blocked, vertical strains remain almost unchanged, leading to relaxation effect. During relaxation, the strain keeps constant, and the effective stress decreases. Thus, the excess pore water pressure increases. However, the increase of the excess pore water pressure is suggested to occur when the effective stress sufficiently exceeds the initial preconsolidation pressure (Yin and Graham 1996) . It is noted that the initial measured values of excess pore water pressures reported in Berre and Iversen (1972) were lower than the applied stress increment for saturated soil, causing the disparities between the predicted and measured values in early stages as shown in Figs. 10(b), 11(b), 12(b) and 13(b)-(c). The phenomenon that the excess pore water pressure in a consolidation test reaches its maximum value (usually less than the applied stress increment), has been observed and discussed in several studies (Crawford 1964 , Robinson 1999 , Sonpal and Katti 1973 , Whitman et al. 1961 . The stiffness of the pore water pressure measurement device was considered as the reason causing the difference between the maximum pore water pressure and the applied stress increment. The stiffness of the pore water pressure measurement system may allow a partial drainage of pore water from the base of the soil sample (Whitman et al. 1961 , Sonpal and Katti 1973 , Robinson 1999 . Charlie (2000) discussed that during the consolidation test the water from the soil can flow into or out of the measurement system, resulting in the change of the drainage condition of the impervious base of the soil sample. Fig. 14, the initial values of ψ′ o of four samples are different, since the initial effective stress values of these four tests are slightly different. Since ψ′ o decreases with the increase of the effective stress, ψ′ o also decreases with time during the dissipation of the excess pore water pressure, and remains almost constant after the required effective stress level (i.e., the dissipation of the excess pore water pressure completes) reaches. The thicker sample has a higher value of ψ′ o at any point of time, since the effective stress increases much slower compared to the thinner samples. For example, for Increment 4 in Fig. 14(a) , ψ′ o of the 0.02 m thick sample starts decreasing and keeps constant after 10 minutes, while ψ′ o of the thicker soil samples take longer time to reach a constant value. The samples in Test C and D as observed in Figs. 12(b) and 13(b)-(c) have not reached the end of the excess pore water pressure dissipation yet, thus the corresponding values of ψ′ o continue to decrease. Additionally, ψ′ o decreases as the effective stress increases; thus, ψ′ o of Increment 4 is higher than ψ′ o value of Increment 5. For Drammen Clay, the value of the coefficient b of the relationship equation of the creep strain limit vp lm  with the effective stress is negligibly small compared to the coefficient a reported in Table 4 . Therefore, the creep strain limit vp lm  can be considered as constant for the reported case, since its variation with the effective stress is insignificant.
The variations of ψ′ o and vp lm  with time result in the variation of the creep parameter (ψ/V). decrease against the increase of the soil sample thicknesses. After increasing to the maximum values, the average creep parameters (ψ/V) tend to decrease with time, since ψ/V is not only stress dependent but also time dependent. The creep parameter is influenced not only by the creep strain limit and the creep coefficient, but also by the equivalent time t e . Since during the early stage of loading, the creep strain limit and creep coefficient continuously decrease with the increase of the effective stress, the increase of the creep parameter is due to the decrease of the equivalent time t e . Fig. 16 shows the variation of the average creep strain rate of Increment 4 and Increment 5 for four different thickness soil samples. During Increment 4 ( Fig. 16(a) 10 -1 10 0 10 1 10 2 10 3 10 4 10 5 of Test D has the lowest average creep strain rate, and the average creep strain rate increases with the increases of the soil specimen thickness. It is also denoted that the average creep strain rates seem to remain constant during the early stages of the stress increment. Therefore, the early time of the stress increment (Increment 4), the compression induced by the elastic behaviour is more dominant, compared with the compression induced by creep, since Increment 4 is the transition from the overconsolidation range to the normal consolidation range (Berre and Iversen 1972) . Gradually, with the increase in effective stresses beyonds the preconsolidation pressure, the creep contribution becomes more remarkable.
It should be noted in the TRRLS approach the model parameters especially the creep strain limit ) ( vp lm  and the creep coefficient (ψ′ o ) can be estimated with two stress increments. However, the conventional approach requires at least three creep tests with long loading time (at least one week for each stage) to predict the non-linear relationship between vp lm  and ψ′ o with effective stresses (Yin 1999) .
By adopting TRRLS approach, the model parameters can be obtained by employing the data points during the pore pressure dissipation. Moreover, the variations of the excess pore water pressure with time can be predicted with good agreement with the measurements. In summary, the current method adopting the finite difference method and TRRLS can be a feasible tool to analyse and predict the stress-strain-time relationship of soft soils.
In order to apply the proposed method to the field conditions, the finite difference solution should include the variations of the overburden effective stress, the applied stress intensity, the initial void ratio, the initial strain, as well as the preconsolidation pressure with depth. Moreover, several time-dependent settlement data measured at different depths would be required to obtain the model parameters for layered soils. In other words, for stratified soil deposit, settlement plates and markers should be installed and monitored at several depths to be used in back calculation process. Since the number of the data points must be more than the number of the model parameters, the more settlement plates and markers are available, the higher accuracy of the optimisation can be achieved. Additionally, the proposed method can adopt the measurement data from the early stages of loading to employ in the optimisation process without the requirement of long-term test measurements. Thus, the proposed method is applicable to the field measurement to back calculate the model parameters.
Conclusions
In this study, a non-linear elastic viscoplastic (EVP) model has been coupled with the theory of one dimensional consolidation in order to improve the prediction of time dependent stress-strain behaviour of soft soils. Implementing the EVP model developed by Yin (1999) in this study, the time parameter t o is adopted as a unit of time, while the stress and time dependent creep strain limits and creep coefficient are incorporated. A Crank-Nicolson finite difference solution has been applied to solve the coupled equations of the EVP model and the consolidation theory. Additionally, a model parameter determination method is introduced to define several model parameters simultaneously. This developed method is based on the trust-region reflective least square algorithm (TRRLS) in association with the finite difference solution. In order to assess the competence of the finite difference solution and TRRLS approach, two case studies have been analysed. In Case Study 1, TRRLS approach has been employed to determine a set of model parameters of Hong Kong Marine Clay using the experimental measurement of a multiple stage loading test. The model parameters by TRRLS approach results in good agreement between the prediction and laboratory measurements. Then, the settlement and the variation of excess pore water pressure of five soil specimens of different thicknesses have been calculated using the finite difference solution. It was observed that the thickness of the soil deposit has significant influence on the long-term settlement pattern as well as the response of the excess pore water pressure. The thicker the soil layer, the more delayed time the dissipation of excess pore water pressure at the base endures. That also means the more delayed compression takes place during the period of excess pore water pressure dissipation for the thicker specimens. Based on the predicted average strain of different soil sample thicknesses, the average vertical strain, when the excess pore water pressure dissipation process is almost completed, increases with the increase of the soil layer thickness.
In Case Study 2, the well-known laboratory tests of different thickness samples of Drammen Clay. TRRLS approach has been employed for validation of the developed method. TRRLS approach has been applied to obtain the model parameters of Drammen Clay from the thinnest soil specimen, and the finite difference solution has been used to predict the settlement and excess pore water pressure of the thicker specimens. The calculated results of the settlement and excess pore water pressure are in good agreement with the laboratory measurements. Despite the discrepancies of initial values of excess pore water pressure, the variation patterns of the excess pore water pressure are well predicted. It can be concluded that TRRLS approach allows the data collected during the excess pore water pressure dissipation to be utilised to determine the EVP model parameters capturing the elastic, plastic and viscous behaviours. The unit value of t o can be adopted to avoid the arbitrary selection of this model parameter. The settlement data obtained during the traditional primary consolidation stage (while the excess pore water pressure is being dissipated) can be utilised to obtain the visco-plastic model parameters. It should be noted that the capacity of TRRLS approach combined with the finite difference solution can be verified further, while the variation of the initial void ratio and the initial effective stresses with depth are considered for thick in situ clay layers. The developed method can be utilised to back-calculate the non-linear EVP model parameters in the field based on time-dependent settlement plate and piezometer readings.
By applying Crank-Nicolson procedure, the initial values including σ z(i, 1) , u (i, 1) and ε z(i, 1) are required, and the initial effective stresses are calculated using σ′ z(i, 1) = σ z(i, 1) − u (i, 1) . In addition to the key Eqs. A1(a)-(b), Eqs. A3(a)-(e) are incorporated to compute the effective stress and time dependent parameters in the calculation process. Eqs. A3(a)-(b) define the stress dependent creep strain limit and the creep coefficient with respect to depth and time. In these two equations, a, b, c, and d are four constant model parameters obtained by curve fitting of the data points. Eqs. (A3c), A3(d)-(e) determine the coefficient of volume compressibility m v , the permeability k and the consolidation coefficient c v with respect to depth and time, respectively. It should be noted that the set coefficient of Eqs. A3(a)-(e) is recalculated at each time step. ) , Substituting the value of u (i, j +1) into Eq. (A1b) derives the value of (ε z ) (i, j +1) . The ground surface settlement (at z = 0) at time t is derived using Eq. (A5) adopting the vertical strains at time t.
